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Abstract 

We compute the effective action for scattering of three well-separated extremal brane 
solutions, in lid supergravity, with zero p- transfer and small transverse velocities. Using 
an interpretation of the conjecture of Maldacena, following Hyun, this can be viewed as 
the large limit of the Matrix theory description of three supergraviton scattering at 
leading order. The result is consistent with the perturbative supergravity calculation. 
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1. Introduction 



Matrix tiieory |jl|] proposes tliat M-ttieory is described by the maximally supersym- 
metric quantum mechanics of U(A^) matrices in the large Umit. Moreover, a prescription 
for computations is given in which it has been argued Q that finite corresponds 
to the so-called discrete light cone frame quantization of the M-theory (for a review see 
1^). One test of these conjectures (see, e.g., [00) is to compare low energy scattering of 
supergravitons in the Matrix theory with the corresponding results in eleven-dimensional 
supergravity - a subtle limit, see f^P]. In particular, agreement is found for the scattering 
of two well-separated supergravitons with small transverse velocities [jl^ [|1| . However, 
supergravity seems to predict different behaviour to that of the matrix model (at any finite 
order in A^) for processes such as the scattering of three supergravitons 



It has been suggested |p.3|| [|T4| that this discrepancy may vanish on taking the large 
limit. However, only through the recent work of Maldacena |T3] has it been possible 
to deal with this limit. In |T^|]T^ brane configurations were studied in the limit where 
the field theory on the brane decouples from the bulk, and it was observed that when the 
number of branes A^, becomes large, the curvature of spacetime around the brane becomes 



small (for earlier discussions in the conformal case see [17| and references therein). How- 
ever, for small curvatures branes are well described by extremal black- hole type solutions 



of the associated supergravity. Moreover, as discussed in [|T^, this limit corresponds to 
the infinite boost limit in the DLCQ Matrix theory prescription mentioned above. Thus 
we are naturally led to the following conjecture — which we take to be the premise of this 
work — that in the large A^ limit of DLCQ Matrix theory, supergravitons are described 
by DO-brane solutions of IIA supergravity. Since these DO-branes are BPS states which 
can be identified with Kaluza-Klein supergraviton modes of lid supergravity [|19[||2^], this 
conjecture immediately implies a resolution of the problem in fl^ . The leading order scat- 
tering amplitudes will just be proportional to those of point particles in lid supergravity, 
as are those of supergravitons. In the rest of this paper we describe an explicit calculation 
of the three supergraviton amplitude as "extremal black hole" solutions, since the details 
may be of interest. 

Thereto, we calculate the effective action for large separation and low transverse ve- 
locity scattering of these particles (neglecting spin effects as usual), following a "post- 



Newtonian" calculation similar to those in, e.g., []21| - with the slight twist that we work 
in the lightcone frame. The essence of the calculation is that we promote the centers in 
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the static solution to dynamical variables, and then determine corrections to the metric so 
that we have a solution 

n>0 

order by order in an expansion in time (x"*") derivatives. We will say that g^'^^ "has dt = n" 
in this expansion. This is a nontrivial solution since it corresponds to a nontrivial "tangent 
deformation" in the moduli space of static solutions. The corrections g^'^^ vanish on the 
spatial infinity. 

The calculation is set up in Section 2, where we recall the uplifting of the static 
solution to lid, and discuss the solution for moving sources to lowest order in transverse 
velocities. In section 3 we determine the leading large distance behaviour of the solution 
for up to three centers. In section 4 we give the result of the calculation for the leading 
order two and three particle scattering. 

In the following V will stand for a typical (small) transverse speed and L a typical 
(large) transverse separation. 



2. Uplifting to lid 



The static BPS solution of IIA supergravity with ric DO-branes (||2^, and references 
therein) is, 

ds^ = 9^.{x)dx^dx'' = -fo{y)-'/^df + UvY'^dy- dy 
e^^^^=gsfl'\ Ao(x) = /o-^-l 



(2.1) 



\y-yi 



1=1 

The statement that these are DO-branes means that the "charges" in this solution, /i^, are 
determined in terms of string parameters |]2^ by fXi ~ ilgs ■ Using the Kaluza-Klein relation 



we can lift this to a solution of lid supergravity with the 11th direction compactified on 
a spacelike circle of radius Rc, with vanishing 3- form, and 

ds"^ = gMNix)dx^^dx^ = D'^^^g^j.dx^dx" + D{dx^^ + 'A^dx'^f , ^ ^ 

= (/o(y) - 2)dt^ + kmdx^^f - 2{fo{y) - l)dtdx^^ + dy ■ dy, 



where D = e**/^ = /q. In lightcone coordinates, = x^^ ± t, the result is suggestively 
simple [|3l, 

ds^ = dx~^dx~ + /(f {y)dx~dx~ + dy ■ dy 

The corresponding DO-brane source in lid supergravity is (in the leading approxima- 
tion where we neglect spin effects) a massless scalar with fixed nonzero momentum in the 
compact direction. The appropriate point particle action has been discussed in 0. The 
point particle action in lid for a massive "particle i" with mass rrii, is 

= -m 



/, r dx dx -1 1/2 , 

Choosing to parametrize the trajectory by x"*", this gives 

P-—^r a ah n - n -a - -11 /2 ' ^ ' 

where vf^ = dyf^ /dx'^ . Assuming no x~ dependence, then p!_ is a cyclic variable, and the 
corresponding "Routhian" for the constant p'^_ physics of the massless particle is 



S^^ - hm {S^^ - [ dx+pt 

m^O J 



To implement this limit is very easy, since the first term vanishes and v~ is determined 
at lowest order by the vanishing of the denominator in ( |2.5| ). Thus, with p!_ = Qi, the 
DO-brane source is 

S^'^ =Q,j dx+^[g+-+g-av'i - ^ (^7+- + g-aV^Y - g—{g++ + 2^+„^f + gabvtv\)] . 

(2.6) 

In summary, then, the system of interest is described by 

S = Se + ^S^'^ , (2.7) 

i=l 

where 5"^; = / d^^Xy/—gR{g) and 5'*^*-' is specified in (|2T^). We work in the lightcone 
frame with x~ ~ x~ + 2nR. We may now proceed with the (it-expansion of the x~- 
independent solution for centers moving with slow transverse velocity, and then substitute 
in to determine the effective action for the centers. 
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To zeroth order we simply have the static solution which fixes 



327r4 2tiR 



To first order the solution is easily understood in terms of transverse boosts. A "Galilean" 
transversal boost with velocity v in lightcone time, as is appropriate for our discussion, 
gives 



x'~ = x~ +2v -y-v^x^ (2.9) 

->/ - +-> 
y = y — XV . 

Taking x' as the coordinates of the "static frame", we obtain the metric for a single 
center moving transver sally with constant velocity by using the boost as a coordinate 
transformation, 

ds^ =(1 - 2v^f^{r'))dx+dx- + f^{r')dx-dx- + {r')dx+ dx+ + 

(2.10) 

+ (5a6 + ^f^{r')vaVb)dy''dy'' + Afl^ {r')vadx- dy'' - Af^{r')v\adx+dy'' , 

where r' = \y — x^v\. This is extended to Uc centers moving independently to give the 
ansatz 



cfs^ = 1 -2j2vffo dx+dx- + J2fo iri)dx-dx- + J2^ffo ir^)dx+dx++ 

\ 1=1 J i=l i=l 

+ ( ^ab + 4J2fo\r^Kv'l dy-dy' + 4j2f^'\r,)vtdx-dy'^- 

i=l J i=l 



4j2fo\r^)vfvtdx+dy'^ 



i=l 

(2.11) 



where = \y — yi{x~^)\. We will denote by qmn the metric specified by (|2.11| ). In this 



way we find the possible nonzero first order corrections to the metric are just those which 
implement the "constraints" of the lightcone parametrization, 

i 

It is now straightforward to check that the independently boosted metric ^ is a solution 
to first order in V of the lid system (|2.7| ). 



3. Leading large- distance behaviour of the dt expansion 

In the (it-expansion we must iteratively determine the expression for Vi, which clearly 
only receives corrections at even orders of dt. It is well known that the dt = 2 contribution 
vanishes (see, e.g., [^[^) - this is "flatness of the moduli space". To see this in the 
present calculation we simply evaluate the effective action to second order, for which we 
only need the flrst order solution given previously. The resulting effective Lagrangian is a 
total derivative. Equivalently, note that from the equation of motion for the centers (the 
geodesic equation), using ( |2.12| ) we have (to second order) 

vt^-\dJil + 0{V^). (3.1) 

But from the Einstein equations to second order, we flnd 

-^A,«S = rS = o, (3.2) 

and thus Vi ~ 0{V'^) as stated. 

Further, a detailed calculationi [EBU shows that 



(2) ^ (2) ^ /g n\ 

9ab = 9ab , 9+- = 9+- , (3.3) 



and 



where. 
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The important result in the above is the observation that the solution at second order 
differs from the boosted metric ( |2.1C1| ), ( |2.11| ) by 0{jt^). 

At higher order the leading behaviour is equally simple. Let us separate out the 
"boosted" corrections h which are contained in ( |2.1C1| ) and ( |2.11| ); ie. 



fi'MAT = hMN + hMN , (3.5) 



where qmn = 9mn + huN- Then 



K/n = 0[jy-,]- (3.6) 



To regularize tlie point particle we replace ^ (r^ + e ) 



2 , 2x1/2 
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To see this one just calculates the leading terms in the Einstein equations at nth order in 

(n) 

the expansion. For the Einstein tensor these are terms involving g)^^, since products of 
lower order (in dt) contributions will be higher order in 1/L. The 1/L expansion of the 

— (n) 

source is similarly straightforward, and the leading terms are just those required for hj^^^. 

We now show that the leading term in the effective action is determined by 'qmn- 
Expanding the action around Qmn, the above result implies that 

S S 

S[g] = S[g] + — \-^[h] + higher order . (3-7) 
og 9 

The second term can be further expanded around 'gMN^ only the first term in this 
expansion is required for the leading order result, 

^ I - , r[^] = f f \-[h, h] + higher order . 

Now, the fact that the boosted single center metric is a solution of the Einstein equations 
for a constant transverse velocity source implies that, up to terms with derivatives on v, 

where 'gi denotes the boosted single center solution (for the ith center) - ie, the limit of 
gMN as IX j — * 0, J 7^ i. Thus we must have, up to terms with derivatives on v, 



r[h.-]=0{ 
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meaning that the RHS is at least quadratic in the iii since it vanishes if all but one of them 
is sent to zero. But then this is higher order, and can be ignored. Thus we only have to 
worry about the contribution of v terms [v terms are irrelevant, as is easily seen by the 
following argument). 

Using the previous results, we have so far shown that, in the second term of 



= (3.* 



Thus, we only need the v terms in the LHS of ( p.8| ), and they need only be contracted with 
/i'^^^ to this order. A calculation shows that in the Einstein tensor, v terms only appear, 

(2) (2) 

at this order, in G_| and Gab- But, as summarized above, h]^_ and /i)^^ vanish. Further, 

any contractions with off-diagonal metric components are higher order. Thus, finally, the 
result is proved - all terms but the first in ( |3.7| ) are higher order in 1/L. 



4. Computing the action 

At this point we simply compute the leading contribution up to 0{V^). The re- 
sult for the leading 0{V'^) contribution to two particle scattering is ( we don't write the 
"polarization" terms, with numerators containing v ■ y) 

(4) 327r4 27ri? \vi - V2\'^ 

= 2~^i^2^ ^ • 4.1 

15 \yi — y2\ 



This is precisely the result reported in [^. In the present calculation it results from a 
cancellation between Einstein and source contributions. 

The result for the leading 0{V^) contribution to three particle scattering, in the limit 
considered by Dine and Rajaraman {{ysl >> \yi — y2\) is (for brevity we only write the 
"Dine-Rajaraman" term) 

(6) 3271'^ 2nR \vi - V2\'^\v2 - vs\'^\vi - vsl"^ . . 

15 \y3V\y1-y2V 

It is interesting to note that there is clearly no contribution from the source action of this 
form. 

Hence we see that the term required for agreement with the perturbative supergravity 
calculation does appear. The technical calculation in this paper is simply a check of the 
standard IIA/M-theory relation. The significance to Matrix theory rests on the conjectured 
relation to the large N limit, which it is clearly of interest to understand better. 

After this paper was finished a number of papers have appeared which discuss the 
Dine-Rajaraman problem [^||2^[|2^[^ from the finite side. In |2^] it was suggested 
that the supersymmetry cancellations proposed in the Matrix theory calculation of [r^| 
would not occur, but this has been disputed in and [^. The technical calculation in 
the present paper has significant overlap with , where, further, the Matrix theory result 
is recalculated and shown to be in agreement at finite N. The present paper supports the 
supergravity side of this calculation. 
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